Abstract: A new type of tensionless superstring theory, called the Inhomogeneous tensionless superstring, has been recently introduced. This is characterised by a residual symmetry algebra on the worldsheet richer in structure than the previous known symmetry algebra related to Homogeneous tensionless superstring. In this paper, we attribute "nice" properties, including hermiticity of the generators of this larger symmetry algebra, and investigate the theory of tensile superstring that the Inhomogeneous tensionless superstring could arise from. The nature of the limit is such that the parent tensile theory is generically anti-hermitian and hence rather exotic in nature. We provide two different avenues to account for this anti-hermiticity.
Introduction
An understanding of the quantum nature of gravity has long been the Holy Grail of modern theoretical high energy physics. Of the competing theories which hope to describe quantum gravity, string theory presently seems to be the most viable option. String theory is endowed with a characteristic length-scale α , -the length of the fundamental string. In the limit α → 0, the string reduces to a point particle and we recover known physics, i.e. low-energy supergravity from superstring theory. This is the limit which explores the low energy and hence the classical regime of gravity from string theory. The opposite limit α → ∞ is thus expected to explore the "very" quantum sector of gravity.
The tension of the string is proportional to the inverse of this length α and hence this α → ∞ is the limit where the tension of the string goes to zero. Analogous to the massless limit of the relativistic point particle, the tensionless limit of string theory is also the limit where the string becomes null. This tensionless limit has been of interest since [1] due to a variety of reasons. In this limit, the masses of all the string states is supposed to go to zero and it is expected that there would be an emergent symmetry which is much larger than the usual symmetries of string theory. This has been explored in the early days by Gross and Mende from the point of view of string scattering [2] [3] [4] , and of late has been related to higher spin holographic dualities [5] [6] [7] . Another less explored, but possibly more intriguing connection is with the physics of Hagedorn transitions [8] . It was noted in [9, 10] that the tension of the string decreases to zero as it approaches the Hagedorn temperature. A properly formulated theory of tensionless strings should shed more light on the Hagedorn phase of strings, the nature of which is still shrouded in mystery.
In this paper, we continue our formulation of the theory of tensionless strings based on the symmetries on the worldsheet [11] [12] [13] [14] . In [11] , we showed, following earlier work [15] , that the tensionless limit on the bosonic string contracts the symmetries on the worldsheet from two copies of the Virasoro algebra to the 2d Galilean Conformal Algebra (GCA), and elucidated how the limit should be thought of in terms of worldsheet coordinates. In [12] , we elaborated on this and showed that in the classical bosonic closed string the intrinsic perspective and the limiting perspective led to identical answers. We pointed out that the quantum tensionless string had features which differed between the intrinsic and limiting sides. In [13] , we moved on to tensionless superstrings and showed how our limiting prescription generalised when supersymmetry was added. We recovered previous analysis [16] [17] [18] by means of completely different methods.
Finally, in [14] , we constructed a completely new tensionless superstring which had a symmetry structure richer than the previous version. Our explorations in the current paper focus principally on this new tensionless superstring, which we call the Inhomogeneous tensionless superstring (as opposed to the Homogeneous tensionless superstring which we studied in [13] ).
We will start by considering the fundamentally tensionless theory, i.e. we would begin from the action of these closed tensionless superstrings as proposed in [14] and treat the tensionless strings as fundamental objects. We shall then ascribe all "nice" properties to them, so that they have maximal chance of making sense as a full quantum theory. A complete quantum consistency check of these theories and possible related anomaly structures will be beyond the scope of the present work and will be addressed elsewhere.
After reviewing aspects of the tensionless closed superstrings that we just mentioned, in this paper we ask the question as to what sort of tensile string theory would lead to these tensionless theories. We would see that the vagaries of the limit in the Inhomogeneous case lead us to rather exotic tensile superstring theories where anti-hermitian operators play a starring role. Although these tensile theories are non-standard, we will view them as very useful tools from where proper tensionless theories arise. Further investigations into these non-standard string theories would lead us to a better understanding of the fundamentally tensionless regime.
Furthermore, we will observe that there is another distinct way to define such a parent tensile superstring theory involving a flipping of roles for anti-holomorphic sector of the superstring modes. On one hand such a role reversal would not modify the classical symmetry algebra itself, but at the quantum level one has to define left and right vacua of the superstring in an asymmetric way for consistent quantization. After discussing this case in analogy with the well-known Ambitwistor string vacua [19] , we would briefly talk about how with such a non-standard theory one could describe the representation theory of states for both Inhomogeneous and Homogeneous tensionless superstrings in the limit.
The fundamental tensionless theory
We begin with a brief review of the construction of tensionless superstrings [14] . The tensionless equivalent of the RNS action [16] for the spacetime bosonic fields X µ and its supersymmetric partners ψ µ is given by
In the tensionless limit the worldsheet metric η ab of the tensile theory becomes degenerate and hence is replaced by a product of two vector densities V a . The equivalent of the conformal gauge in tensile strings in this case is the choice V a = (1, 0). Here ρ a are the two dimensional gamma matrices which now satisfy a modified Clifford algebra, owing to the change in spinor structure,
Homogeneous tensionless superstrings
We will see that there are two distinct choices of the gamma matrices ρ a satisfying the above algebra (2.2), giving rise to two different class of tensionless superstrings. The simplest possible choice is ρ a = V a I, which in our gauge reads ρ 0 = I, ρ 1 = O. The action (2.1) in this case becomes
This describes what we call the Homogeneous tensionless superstring [13] . One can also consider the action in the worldsheet superspace [18] , where one needs two additional Grassmanian variables θ,θ in addition to the worldsheet variables σ and τ . The generators of the transformations of the superspace coordinates, which keeps the action (2.3) invariant, can then be calculated. These generators gives rise to the residual symmetry algebra on the worldsheet. The non-zero (anti)commutations of this algebra are
Here the spinor index α denotes ±. We have two bosonic generators L n , M n and two fermionic generators Q ± . The bosonic indices m, n take integer values while fermionic indices r, s have half integer values. The same algebra can also be obtained from the constraints after solving the equations of motion derived by varying (2.3) with respect to the spacetime fields. This algebra is classical part of a supersymmetric extension of the Galilean Conformal Algebra (GCA). As seen above, in this algebra the two fermionic generators behave in a similar manner. Thus this algebra is known as the homogeneous version of Super GCA (SGCA H ).
Inhomogeneous tensionless superstrings
Interestingly, we could have another class of the modified gamma matrices that solve the deformed Clifford algebra (2.2). These are given by
For this class of matrices, the associated fermions (ψ µ ) need not be Majorana spinors. In [14] they were considered to be complex. Using this fact, the action (2.1) can be written down explicitly in terms of the components of ψ. Considering the above choice of gamma matrices the action (2.1) takes the form
where ψ µ 0 and ψ µ 1 are the components of the spinor ψ µ which are complex. The residual symmetry algebra associated to this action can also be calculated in a similar manner [14] and is given by
with rest of the (anti)commutators being zero. This algebra has been introduced as a consistent contraction of the 2d Super-Virasoro algebra and clearly has a richer structure than the SGCA H . The fermionic generators G r and H r here behave in a different way as opposed to the Homogeneous case. Hence this avatar of the Super-GCA algebra is also called the Inhomogeneous SGCA or SGCA I . Let us look at the equations of motion obtained by varying (2.6) with respect to X µ and ψ µ :
We can solve these equations with closed string boundary conditions to obtain
9a)
Here, n is an integer while r is a half integer (considering the solution in the NS-NS sector of the superstring). c is a constant with dimensions of (mass) −1 . Let us consider the Poisson brackets between the spacetime coordinates X µ and momenta P ν : {X µ , P ν } P.B = η µν .
Once we quantize the theory the Poisson brackets will be replaced by the commutators {, } P.B → −i [, ] . This leads to the non-trivial commutations of the modes as following,
We would like to have an oscillator construction of the modes. However, since the above modes do not obey the harmonic oscillator algebra, we can perform a linear transformation to go to a new oscillator basis:
These in turn follow the canonical commutation relations (CCR) for harmonic oscillators:
As discussed previously, the fermions in the Inhomogeneous tensionless superstrings are not Majorana, but considered to be complex. The superspace associated with this superstring worldsheet also has additional grassmanian coordinates which are complex in nature. This creates a problem when we try to find out the hermiticity of the fermionic generators G r and H r . The problem boils down to the hermiticity of fermionic oscillator modes ω r andω r . In fact, we cannot definitively comment on the hermiticity of any fermionic object in this theory and thus will not be able to define proper creation and annihilation operators. In the next section we are going to look at a different version of the Inhomogeneous tensionless superstring with Majorana fermions, where we will address the problem of hermiticity in more details and put forward a way out of this subtlety.
Tensionless superstrings with real spinors
Let us revisit the action (2.6) once again:
Here, let us consider ψ µ 0 and ψ µ 1 to be two real components of a spinor in contrast to complex spinors in the previous section. We can find out the symmetries that leaves the above action invariant, and this comprises of a local diffeomorphism (paramterized by ξ) and supersymmtery of the fields (with an infinitesimal supersymmetry parameter ). For the sake of simplicity we will be supressing the Lorentz indices from now on. The various symmetry transformations of the fields are,
The action can be proven to be invariant under the above transformations subject to the conditions,
These transformations can also be considered as transformations in a superspace associated with the string worldsheet, parameterised by Grassmanian coordinates α and χ. A general superfield Y on this superspace can then be expanded as
We should mention here, in general we could also have a term containing an auxiliary field of the form αχB(σ a ), however without any loss of generality we can put B = 0 for our case. It is to be noted that the Grassmanian parameters a as well as the coordinates α and χ are real here in contrast to what we had used in [14] . These transformations on the superspace coordinates are given by
The differential generators of the above transformations have the following form,
which obey the Inhomogeneous SGCA (2.7). It can be checked that all the generators are hermitian in this case:
Now let us see how this hermiticity follows from the mode expansions associated to worldsheet fields.
Mode Expansions and Constraints
If we vary the action (3.1), the equations of motion and the solutions are identical in form to (2.8) and (2.9). However in this case, the reality of ψ 0 and ψ 1 implies the hermiticity of the modes γ and β:
We can determine the form of the constraints by finding the components of the energymomentum tensor and the supercurrent from the action:
Plugging (2.9) in (3.9), we can write down the form of the above constraints in terms of the oscillators as
From the above expressions the hermiticity of the constraints (3.7) can be verified. Considering the relations between modes (2.10) one can explicitly check that the constraint algebra will again be SGCA I (2.7).
Construction of states
Now, let us again remind the reader the form of changed fermionic oscillators in the changed basis
Unlike in the earlier case, now we are in a position to distinctly comment on the hermiticity of the fermionic modes in this case. Curiously, we observe that while ω r is hermitian,ω r is anti-hermitian:
While the commutation relations (2.12) still hold, we also have the extra input,
The sign in the last expression may seem bizarre to the reader at first, however this sign is not as bad as it seems to be. The above expression allows us to define creation and annihilation operators in a consistent way. We will be able to define a vacuum |00 C with the conditions
The negative modes of the oscillators can be used to build up states on the vacuum. A general state |Ψ can be written in the form of
The significant effect of the sign in (3.13) will be that there will be a sign in the norm of a state containing odd number ofω oscillators. Armed with the fact that we have well defined hermitian constraints (3.7) and good enough oscillators to build up a Hilbert space, we can impose the constraints on the quantum states. This will give us physical states |phys which satisfy phy |L n |phy = 0, phy |M n |phy = 0 ∀ n > 0;
So far we have only looked at the intrinsic analysis. In the next section we will discuss about the limiting approach, where we start from a tensile superstring theory and then take the ultra-relativistic contraction on the worldsheet to obtain the tensionless theory with real spinors. Also, we will be able to comment on the origin of anti-hermiticity of the modeω r from the limiting perspective.
The limiting perspective
We have seen how SGCA I emerges as the worldsheet symmetry of the fundamental tensionless superstring by starting from the appropriate tensionless action. Now we want to arrive at this theory by taking the tensionless limit from a parent theory. We are interested in finding out what properties such a parent theory may have. From an algebraic perspective, we can arrive at SGCA by taking a particular contraction of the Super-Virasoro algebra.
As we discussed before, it turns out that there can be two different ways of contracting the fermions : the homogeneous way and the inhomogenous way. This is reminiscent of the fact that we could have two different ways of defining the worldsheet gamma matrices satisfying the modified Clifford Algebra (2.2). We are going to see very soon that we can arrive at SGCA I with hermitian generators, provided the fermionic antiholomorphic generators of the Super-Virasoro in the tensile theory are anti-hermitian to begin with. Let us consider two copies of the super-Virasoro Algebra with generators L n ,L n , Q r andQ r . The algebra is given by the following brackets
with the same form for the anti-holomorphic part as well. These generators can be given as a function of the two dimensional worldsheet coordinates (σ, τ ) and the superspace coordinates (θ,θ). Let us point out that the algebra does not indicate if these generators are hermitian or not. Infact if one of these generators were to be anti-hermitian
the algebra would remain unaffected. This suggests that a consistent representation of the the Super-Virasoro algebra exists even ifQ r is anti-hermitian. We are going to present a brief study of a parent theory which has the requirements (4.1) and (4.2).
A parent superstring theory
Let us consider the following gauge-fixed action for a superstring with worldsheet bosonic fields X and its supersymmetric partners ψ:
Here ψ ± are the two spinorial components of ψ. Let us assume that out of the two components ψ + is hermitian, while ψ − is anti-hermitian (ψ † − = −ψ − ). The following transformations of X and ψ under local diffeomorphism (ξ) and supersymmetry transformations ( ) leave the action invariant:
The infinitesimal suspersymmetry paramters ± likewise forms a two-component spinor where − is anti-hermitian, for the sake of keeping X and δX real. Invariance of the action (4.3) also implies the following conditions on ξ and :
In the same way as we had seen in 3, the diffeomorphism and supersymmetry (4.4) can be realised as transformations in a superspace. We can construct an analogue of N = (1, 1) superspace associated to the superstring worldsheet by considering two Grassmanian coordinates θ andθ. These coordinates θ,θ have the same behaviour of that of the ± , which means they can also form a two component spinor where one component is antihermitian (θ * = −θ). The transformations in this superspace that keep the action (4.3) invariant are given by:
6a)
One can find the generators of the above superspace transformations in a differential form,
It is interesting to note that the antihermiticity ofθ consequently implies antihermiticity of the generatorQ r . The above are the explicit generators of the residual symmetry for this tensile superstring. It can be checked that the symmetry algebra obeyed by these generators is indeed two copies of the Super-Virasoro algebra (4.1).
The same algebra can also be obtained from the constraints. The solutions of the equations of motion ∂ − ∂ + X = 0 and ∂ ± ψ ∓ = 0, can be constructed in terms of mode expansions in the NS-NS sector:
The commutation relation of X µ and ψ µ ± reads as the following,
The above brackets translate into the following commutation relations between the modes,
It is crucial to note that the anti-hermiticity of the ψ − implies the anti-hermiticity of the modeb r i.e.b † r = −b −r . The anti-hermiticity ofb requires the anti-commutator between the creation and annihilation modes to be: {b r ,b † r } = −1. Now, by using the components of energy momentum tensor and the super current
the constraints can be expressed as a Fourier transform
which in turn can be written down in terms of the mode expansions
It can be checked easily thatQ r is anti-hermitian by the sheer fact thatb is anti-hermitian. It can be trivially shown that the constraints again generate the Super-Virasoro algebra (4.1), making sure that the anti-hermiticity does not affect the construction at least at the level of the algebra. The standard way to go from classical regime of analysis to the quantum one is accomplished by considering the transformation of classical bracket to the quantum commutators and anti-commutators. Thus promoting the classical modes as quantum operators, we define the vacuum of this parent tensile theory |00 α by: α n |00 α =α n |00 α = b r |00 α =b r |00 α = 0 ∀ n, r > 0 (4.14)
The states can be constructed by acting creation operators on the vacuum. A general state |Φ is given by an expression similar to (3.15)
The notable change due to the anti-hermiticity ofb r will be a sign in the norm of states containing odd number ofb oscillators. Having briefly discussed the key features of this parent tensile theory, in the next section we focus on the ultra-relativistic limits of the tensile theory and its consequences.
The ultra-relativisitic limit
The tensionless limit on the string worldsheet that we are interested in manifests itself in a rather curious manner [11] . We can think of the tensionless limit as the one where the string itself becomes long and floppy. This can be understood as a singular limit on the worldsheet where the spatial co-ordinate σ → ∞ keeping the worldsheet time τ fixed. Equivalently this is: σ → σ and τ → ετ, ε → 0. (4.16) This amounts to taking the worldsheet speed of light effectively to zero. The limit is thus an ultra-relativistic or a Carrollian limit on the worldsheet. This limit would affect the bosonic generators of the Virasoro algebra in the following way:
The symmetry algebra obeyed by these contracted generators is the 2d GCA [20] . Since we want the tensionless limit to be consistent, the string length α should also scale as α → c ε, where c is a finite parameter with the dimension of length squared. For a detailed analysis the reader is referred to [11] . Extending the analysis to the supersymmetric case, we had said earlier that there are two possible scaling of the fermionic degrees of freedom. In the case of the homogeneous contraction, all generic fermionic objects ζ scale as
This scaling, incorporated in the super-Virasoro algebra gives rise to (2.4). For the purpose of this paper, we will focus primarily on the inhomogeneous contraction of the superVirasoro algebra. In the inhomogeneous case, all fermions do not scale in the same footing, instead the two components of worldsheet spinors contract in a despotic way:
where, the newly defined spinors are linear combinations of tensile spinors of the form
One should note that the anti-hermiticity of ψ − makes both ψ 0 and ψ 1 explicitly real. For consistency of the contraction, the supersymmetry parameter and the superspace coordinates θ,θ have to scale in a similar way as the spinors themselves:
Starting from (4.3) we can take the ultra-relativistic limit at every step till (4.13). The bosonic modes transform under this limit as
while the fermionic modes scale as
24a)
To define the scalings, we have neglected terms that has ε with power 3 2 or greater. A comparison between the tensionless (2.9) and the tensile oscillator modes as presented above gives us
25)
In (3.11), we made a change of basis so that the commutation relations obey the usual harmonic oscillator algebra. In terms of the changed oscillators the above relation between tensile/tensionless modes now has a form:
C n = α n cosh ϕ +α −n sinh ϕ, ω r = b r cosh ϕ + ib −r sinh ϕ; (4.27a)
C n = α −n sinh ϕ +α n cosh ϕ,ω r = −ib −r sinh ϕ +b r cosh ϕ, (4.27b)
where tanh ϕ = ε−1 ε+1 . These can now be considered as Bogoliubov transformations parameterised by ϕ since the CCR are preserved in the course of this transformation. From the last expression we can indeed check thatω r is anti-hermitian (3.12) by definition under this transformation too. This is connected to the fact that the tensile modeb r was also anti-hermitian to start with. The tensionless generators (3.6) as well as the constraints (3.10) are related to the same of the parent theory by
(4.28)
Needless to say, it can be easily checked that these satisfy SGCA I (2.7) and all of them are hermitian. Thus at a classical level, we have successfully found a parent theory from which we can consistently take the (Inhomogeneous) tensionless limit and find a theory with well defined oscillators and hermitian generators. Next we shall see how the aforementioned Bogoliubov transformations can be used to relate the two vacua defined in (3.14) and (4.14).
Mapping of the vacua
The generators of the Bogoliubov transformations (4.27) for the bosonic and the fermionic parts can be written in the following form:
where a n = 1 √ n α n is a normalised oscillator mode. It can be checked that both of these generators are hermitian in our case. In terms of these generators, the transformations the two sets of oscillators are given by:
For the bosonic case alone, it was shown in [12] that the transformation implies a mapping between the tensionless vacuum |0 C and the tensile one |0 α as given by
So the new tensionless vacuum is a highly energised state in comparison to the tensile vacuum. In a similar way, using the generators (4.29) the vacuum of the tensile and tensionless supersymmetric theories can be mapped to one another as follows:
exp tanh ϕ(a −n ·ã −n + ib −r ·b −r ) |00 α . (4.33)
Using this expression, it can be checked that |00 C is normalized. It is interesting to note that unlike in the purely bosonic case, we do not need to regulate the infinite factor outside the exponential. In fact we can explicitly put ε = 0 in the above expression by recalling the relation between tanh ϕ and ε, and obtain
We have used the anti-hermiticity ofb r to derive the last expression. The above state, in analogy to the bosonic one, is a highly squeezed state with respect to the |00 α vacuum.
Another interpretation of anti-hermiticity
In this section we are going to discuss another way in which we can interpret the antihermiticity of the generators or the constraintsQ r (4.2). We are going to do this from the context of the constraints written in terms of the oscillators. Let us recall (4.13) for the anti-holomorphic Super-Virasoro constraints:
It is evident that we can achieve the relationQ † r = −Q −r in two distinct ways. The first case is where we consider the anti-hermiticity of the fermionic modesb r , as discussed in the preceeding section (b † r = −b −r ). This affects only the generatorsQ r and makes them antihermitian, with no effect on the other constraints. The Super-Virasoro algebra remains unaffected, and we get SGCA I with hermitian constraints in the appropriate limit. In what follows, we will focus on the other case and its consequences.
The case of the flipped vacuum
For the other case mentioned above, let us consider the following transformation on the anti-holomorphic sector of the tensile modes
Here, the unprimed modes represent the usual hermitian Super-Virasoro modes, while the primed ones represent the changed modes. There is a clear flip between the creation and annihilation operators. We would like to see what is the effect of this on the constraints. Substituting (5.2) in (5.1) gives us the transformation on the constraints
Intriguingly, if we start from the usual Super-Virasoro constraints and perform the above transformation, the algebra would remain preserved. If one also considers the centrally extended version, the algebra will again remain invariant under above transformations provided we have,c →c = −c.
Hence this set of transformations is an automorphism of the Super-Virasoro algebra. We will proceed to see how we can define the vacuum for these flipped operators.
Without any loss of generality we can consider the caseα n = iα −n andb r = −b −r . So far we have been speaking about the anti-holomorphic part of the Super Virasoro. We consider the holomorphic part to remain as it is. Then we will be able to see that the vacuum of the theory |00 A , can be defined such that
The last line is condition for a flipped vacuum. This type of right-left asymmetric vacuum reminds one of a similar situation as the Ambitwistor Vacuum, which was first put forward briefly in [21] , and has been revived in a series of works including [22] [23] [24] 1 . A closed bosonic string theory built on this vacuum was recently studied in [25] . The theory in question exhibits this flipping of the vacuum definition in the supersymmetric case as well. It is evident then this way of introducing a parent theory from which the inhomogeneous algebra originates, gives rise to completely different quantization than the usual tensile string. Interestingly, such a flipped vacuum leads to a very curious observation about the relation of tensile and tensionless vacua. If we look at the relations (4.27), we get a clear view of how these two vacua in the 'usual' case are indeed related via a bogoliubov transformation. However, for the flipped case we can achieve the following conditions for the corresponding tensionless vacuum via the oscillators C n ,C n , ω r andω r :
Which means that the vacuum |00 A remains the vacuum of the tensionless theory itself. In such a case one can quantize the limiting theory around the same vacuum as the parent one. Evidently the vacuum in the limiting theory still carries the legacy of flipping as is clear by the above definition.
It is rather intriguing to note that tracing back the origins of inhomogeneous tensionless strings naturally gives rise to such well-known flipped string vacuum as a consequence. One is then reminded of the fact that Ambitwistor strings arise from an alternative gauge choice on the tensionless worldsheet theory itself. This gives us a vague hint to search for a inhomogeneous counterpart of the Ambitwistor superstring, the homogeneous version of which has already been discussed in [24] . One important aspect of having such different vacua corresponding to the same classical theory at the level of algebra is that one could define different representations for the concerned SGCA states, which we will discuss next.
Highest Weight Representations
Once we define a vacuum of a theory, we can build up states by using acting oscillator modes on it (3.15 or 4.15). The constraints can be imposed on the Hilbert space to obtain the physical states. We are going to define the physical states appropriately, depending on the choice of vacua.
The usual vacuum: This is the vacuum that is defined by (4.14) . A primary state |h,h constructed on this vacuum, will obey the conditions
where h andh are the conformal weights, arising due to normal ordering ambiguities. The vacuum trivially satisfies the above conditions. Thus a highest weight representation of the super-Virasoro algebra can be constructed.
Let us see what happens in the limit. In 4.2 we had seen how the constraints can be mapped when an inhomogeneous ultra-relativistic contraction is performed. let us rewrite (4.28) for better illustration to the reader
It can be seen from here that, since there is a mixing of positive and negative modes of the generators on the right hand side of the above equations, the primaries of Super-Virasoro do not map to primaries of SGCA I . The limit from the Super-Virasoro primaries lead to what are know as the induced representation. Induced representations of the SGCA I are defined, following the bosonic algebra [26] , as
The excited states, built on top of |φ , are of the curious form:
The point to note here is that the states use both positive and negative modes of the oscillators. It is evident that these arise in the ultra-relativistic limit from the SuperVirasoro primary states.
The flipped vacuum: Starting with the conditions (5.5), we can once again construct primary states, with a sign on the modes of the anti-holomorphic oscillators. We will need to modify (5.7) by the following expression
This effectively means that we are imposing different representations of the super-Virasoro on right and left handed side. Applying the contraction (5.8) we see that for this case the primaries of Super-Virasoro and SGCA I map into each other. We would be able to define the SGCA I primaries as
In the above, h L = h −h and h M = ε(h +h). The vacuum of the tensionless limit of this theory would satisfy the above relations. Therefore not only will we have well-defined hermitian constraints, but also a highest weight representation of SGCA I .
The Homogeneous case
In this section we are going to revisit the case of homogeneous tensionless superstrings and see if they fit into the "flipped" picture that we presented in the last section. We have already seen how we can construct the theory of tensionless superstrings with homogeneous fermions, fundamentally and also by the appropriate UR contraction (4.16, 4.18) . Let us start from the relations that map the oscillators on either side [13] . For simplification, we will only discuss the fermionic oscillators, where the map reads
β ± r are the tensionless oscillators while b r ,b r are oscillators of a particular parent theory. Let us define the vacuum on the tensionless side |00 H by
We can reframe (6.1) in a prescribed way It is straightforward to check that the matrices U and V partly satisfy the conditions for a fermionic Bogoliubov transformation.
however, the fact that |U | = |V | = 0, restricts (6.3) to get a status of Bogoliubov transformation. To make proper sense of the transformations, we introduce a unitary operator P , such that
Let us consider for the case where we have a single mode transformation without the index r. We can see that the operator P must depend only onb as the action of P on b must leave it invariant. The only possible combination is:
In order for P to be a hermitian operator (P † = P ) we must have y = x whenb is hermitian and y = −x whenb is anti-hermitian. Without any loss of generality x = 1 can be chosen. Depending on the hermiticity condition, we can choose y = ±1. Using the anti-commutation relation of theb, we can verify (6.5):
Generalising the expression of P considering all modes and spacetime indices, we get
..∞ is a real polarization tensor. Once we have found P we can find out how the vacua are related. In this case we consider the usual vacuum that is given by the conditions (4.14) on the tensile side. Recalling (4.32) we can relate |00 H by
It is easy to verify that the action of positive modes β + r or β − r anhilates |00 H , by using the equivalent anti-commuting relations of b r orb r . Normalization of |00 H require A • A = 1. The tensionless vacuum in this case also forms highly energized squeezed state with respect to the tensile spectrum. However there are some issues with this vacuum. Firstly, this state is not level matched in terms of fermionic oscillators unlike (4.34). Secondly, we have to regulate the infinite product of (cosh ϕ) −1 and also make sense of the infinitely ranked tensor A . In the homogeneous limit, the fermions are simply spectators, hence the tensionless limit of the parent theory with anti-hermitian modes will also give a tensionless theory with anti-hermitian modes and constraints.
The problems mentioned above can be taken care of in one go when one considers the flipped vacuum (5.5) in the parent theory to start with. Together with the flipped vacuum structure, (6.1) implies a very important fact, (6.10) where |00 A now denotes the flipped vacuum of parent theory. Therefore we conclude straightforwardly, the flipped vacuum of the parent theory |00 A and the vacuum of the fundamental tensionless theory are exactly same. We do not require any regularising factor or the arbitrary ranked tensor A to map the two vacuums into each other. We see that if we start with the flipped vacuum, then the vacua effortlessly map into each other, which was also seen in [24] . In this case, we will be able to define a Hilbert space which have level matched states. Most importantly, the analysis of 5.2 can also be applied in this case and we will have well defined highest weight representations of SGCA H (2.4):
So all in all, we can conclude that as highlighted in the case of inhomogeneous superstrings, the homogeneous case also simplifies considerably when one starts with the flipped vacuum.
The fact that such choice of unconventional vacua almost inadvertently leads to highest weight representation is a matter to be explored in more detail, and we will come back to it elsewhere.
Conclusions
Summary of the paper
In this paper, we revisited the construction of the inhomogeneous tensionless superstring introduced in [14] . We demanded reality of spinors and this led us to hermitian generators for the underlying residual symmetry algebra, the SGCA I , which we also checked using mode expansions. We then attempted to answer what properties of a tensile theory this version of the tensionless superstring arose from and tracing back found that the parent theory has to have some unusual features like non-hermitian generators. Armed with this knowledge, as a natural extension of the bosonic analysis in [12] , we constructed the Bogoliubov transformations that connect the tensile and tensionless oscillators and thereby came up with the mapping of the tensile and the tensionless vacua. In Sec 5, we took another route to understanding the non-Hermiticity of the generators of the tensile superstring. This was based on a discrete automorphism of the parent Super-virasoro algebra. This led us to a different vacuum, which has been considered recently in [24] in the context of ambi-twistor strings. We commented on representation theory aspects of the tensionless algebra. Finally, we also looked at the other tensionless superstring, the Homogeneous one, in the light of our findings in this paper.
Discussions
Let us emphasise why we think this work is going to be important going forward, over and above the motivations that were mentioned in the introduction. The Inhomogeneous tensionless superstring is clearly rather rich in terms of the underlying symmetries that it possesses. Not only is the underlying algebra (SGCA I ) more non-trivial than the previous version of the tensionless superstring (SGCA H ), it also has some very desirable features. The SGCA I contains a Supervirasoro sub-algbera, unlike the SGCA H , and one can perform a truncation of the SGCA I down to this subalgebra in the case where the central charge c M vanishes [14, 27] . The bosonic version of this feature [20] has been recently used in the context of the ambitwistor string to explain the chiral nature of the theory [28] . It is thus very likely that there would exist a supersymmetric version of the ambitwistor string which has the SGCA I as its underlying algebra and the chiral nature of this ambitwistor superstring would be explained in a very similar way. It would of course be an interesting exercise to understand the origins of this ambitwistor string and our explorations in this paper would be central to that endeavour. It is important to note here that a 3d Supergravity with asymptotic symmetries given by the SGCA I has been constructed in [29] . It would be of interest to link this above discussion to [29] . The second route that we took to understanding non-hermiticity of generators led us to consider tensile superstring theory with a non-standard vacuum, and this is reminiscent of the recent work [25] that addressed the question in a bosonic setting. It would be of interest to develop and generalise the analysis in [25] to superstrings. This is being currently pursued.
From a purely representation theory point of view, the discrete automorphism (5.3) deserves a lot of attention. This seems to be at the heart of a lot of recent discussions of the isomorphism between the non-relativistic and ultra-relativistic conformal algebras that have been discussed in the context of 3d Minkowskian holography [30] . Some pertinent comments regarding the bosonic version of this automorphism can be found in [31] .
